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We construct a family of Hausdorff spaces such that every ﬁnite product of spaces in
the family (possibly with repetitions) is CLP-compact, while the product of all spaces in
the family is non-CLP-compact. Our example will yield a single Hausdorff space X such
that every ﬁnite power of X is CLP-compact, while no inﬁnite power of X is CLP-compact.
This answers a question of Stepra¯ns and Šostak.
© 2010 Elsevier B.V. All rights reserved.
For all undeﬁned topological notions, see [4]. Recall that a subset of a topological space is clopen if it is closed and open.
Deﬁnition 1. A space X is CLP-compact if every cover of X consisting of clopen sets has a ﬁnite subcover.
Using methods of Stepra¯ns and Šostak (see Section 4 in [6]), we will construct a family {Xi: i ∈ ω} of Hausdorff spaces
such that
∏
i∈n Xp(i) is CLP-compact whenever n ∈ ω and p : n → ω, while the full product P =
∏
i∈ω Xi is not. In order to
make sure that P is non-CLP-compact, we will use an idea from [1]; see also Example 8.28 in [8]. Our example answers
the ﬁrst half of Question 6.3 in [6]; see also Question 7.1 in [3]. For a positive result on (ﬁnite) products of CLP-compact
spaces, see [7].
In the last section, using ideas from [5] and [2], we will convert the example described above into a single Hausdorff
space X such that Xn is CLP-compact for every n ∈ ω, while Xκ is non-CLP-compact for every inﬁnite cardinal κ . This
answers the second half of Question 6.3 in [6] (see Corollary 13).
Let F be a family of non-empty closed subsets of N∗ . Deﬁne X(F) as the topological space with underlying set N ∪ F
and with the coarsest topology satisfying the following requirements.
• The singleton {n} is open for every n ∈ N.
• For every K ∈ F , the set {K } ∪ A is open whenever A ⊆ N is such that K ⊆ A∗ .
Our example will be obtained by setting Xi = X(Fi) for every i ∈ ω, where {Fi: i ∈ ω} is the family that we will construct
in Theorem 11.
Proposition 2 (Stepra¯ns and Šostak). Assume that F consists of pairwise disjoint sets. Then X(F) is a Hausdorff space.
Proof. Use the fact that disjoint closed sets in N∗ can be separated by a clopen set. 
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We will use the following notion to ensure the CLP-compactness of ﬁnite products.
Deﬁnition 3. Fix n ∈ ω. A product X =∏i∈n Xi is CLP-rectangular if for every clopen set U ⊆ X and every x ∈ U there exists
a clopen rectangle R ⊆ X such that x ∈ R ⊆ U .
For the proof of the following proposition, see Proposition 2.4 and Proposition 2.5 in [6]; see also Theorem 3.4 in [3].
Proposition 4 (Stepra¯ns and Šostak). Fix n ∈ ω. Assume that Xi is CLP-compact for every i ∈ n. Then∏i∈n Xi is CLP-compact if and
only if it is CLP-rectangular.
From now on, we will always assume that Fi is a collection of non-empty pairwise disjoint closed subsets of N∗ for
every i ∈ ω. Given p ∈ <ωω, we will denote by n(p) ∈ ω the domain of p. We will use the notation
Xp =
∏
i∈n(p)
X(Fp(i))
for ﬁnite products, where repetitions of factors are allowed. Also, if i ∈ n(p), we will denote by Xp−i the subproduct∏
j∈n(p)\{i} X(Fp( j)).
The following deﬁnitions isolate the multidimensional versions of ‘ﬁniteness’ and ‘coﬁniteness’ that we need. For every
p ∈ <ωω and N ∈ ω, we will denote the union of the ‘initial stripes of height N ’ as
SNp =
⋃
i∈n(p)
{x ∈ Xp: xi ∈ N} ⊆ Xp .
Also deﬁne
T Np = Xp \ SNp =
∏
i∈n(p)
(
X(Fp(i)) \ N
)
.
Proposition 5. Assume that for every p ∈ <ωω and every clopen set U ⊆ Xp, either U ⊆ SNp or T Np ⊆ U for some N ∈ ω. Then Xp is
CLP-compact for every p ∈ <ωω.
Proof. We will use induction on n(p). The case n(p) = 1 is obvious. So assume that Xp is CLP-compact for every p ∈ nω
and let p ∈ n+1ω. By Proposition 4, it is enough to prove that Xp is CLP-rectangular. So let U ⊆ Xp be a clopen set and ﬁx
N ∈ ω such that U ⊆ SNp or T Np ⊆ U . We will show that for every x ∈ U there exists a clopen rectangle R ⊆ Xp such that
x ∈ R ⊆ U .
First we will assume that x ∈ U has at least one coordinate in N , say coordinate i ∈ n(p). It is easy to check that the
cross-section
V = {y ∈ Xp−i: y ∪
{
(i, xi)
} ∈ U}
is clopen in Xp−i . Observe that Xp−i is homeomorphic to Xp′ for some p′ ∈ nω. Therefore, by the inductive hypothesis and
Proposition 4, there exists a clopen rectangle Q ⊆ Xp−i such that πp−i(x) ∈ Q ⊆ V , where πp−i : Xp → Xp−i is the natural
projection. It is clear that the desired clopen rectangle is R = {y ∈ Xp: πp−i(x) ∈ Q and yi = xi}.
On the other hand, if x ∈ U has no coordinate in N then the case U ⊆ SNp is impossible. Therefore T Np ⊆ U , so that the
desired clopen rectangle is R = T Np itself. 
We will also need the following deﬁnitions. Let
SNp = SNp ∩
(
Nn(p)
)=
⋃
i∈n(p)
{
x ∈ Nn(p): xi ∈ N
}
,
TNp = T Np ∩
(
Nn(p)
)= Nn(p) \ SNp = (N \ N)n(p).
The next two lemmas show that, in order to achieve what is required by Proposition 5, we can just look at the trace of
clopen sets on Nn(p) .
Lemma 6. Fix p ∈ <ωω. Assume that U ⊆ Xp is a clopen set such that U ∩ (Nn(p)) ⊆ SNp . Then U ⊆ SNp .
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For all i ∈ n(p) such that xi ∈ Fp(i) , let Ni = {xi} ∪ Ai be a neighborhood of xi in X(Fp(i)) such that Ai ⊆ N \ N . Since
U is open, by shrinking each Ni if necessary, we can make sure that
∏
i∈n(p) Ni ⊆ U . This is a contradiction, because
∅ 
= (∏i∈n(p) Ni) ∩ (Nn(p)) ⊆ TNp . 
Similarly, one can prove the following.
Lemma 7. Fix p ∈ <ωω. Assume that U ⊆ Xp is a clopen set such that TNp ⊆ U ∩ (Nn(p)). Then T Np ⊆ U .
Fix p ∈ <ωω. We will say that a subset D of Nn(p) is diagonal if D  SNp and TNp  D for all N ∈ ω and the restriction
πi  D of the natural projection πi : Nn(p) → N is injective for every i ∈ n(p).
Given p ∈ <ωω, we will say that a pair (D, E) is p-diagonal if D and E are both diagonal subsets of Nn(p) . A pair (D, E)
is diagonal if it is p-diagonal for some p as above. If (D, E) is such a pair, consider the following statement.
(D, E) There exist K0, . . . , Kn(p)−1, with Ki ∈ Fp(i) for every i ∈ n(p), such that both D ∩ (A0 × · · · × An(p)−1) and
E ∩ (A0 × · · · × An(p)−1) are non-empty whenever A0, . . . , An(p)−1 ⊆ N satisfy Ki ⊆ A∗i for every i ∈ n(p).
Proposition 8. Fix p ∈ <ωω. Assume that the family {Fi: i ∈ ω} is such that condition (D, E) holds for every p-diagonal pair
(D, E). If U ⊆ Xp is a clopen set, then there exists N ∈ ω such that either U ∩ (Nn(p)) ⊆ SNp or TNp ⊆ U ∩ (Nn(p)).
Proof. Assume, in order to get a contradiction, that U ∩ (Nn(p))  SNp and TNp  U ∩ (Nn(p)) for every N ∈ ω. Then it is
possible to construct (in ω steps) diagonal subsets D and E of Nn(p) such that D ⊆ U and E ⊆ Xp \ U .
Now let K0, . . . , Kn(p)−1 be as given by condition (D, E). Deﬁne x ∈ Xp by setting xi = Ki for every i ∈ n(p). It is easy
to see that x ∈ U ∩ (Xp \ U ), which contradicts the fact that U is clopen. 
Theorem 9. Assume that the family {Fi: i ∈ ω} is such that condition(D, E) holds for every p-diagonal pair (D, E). Then Xp is
CLP-compact for every p ∈ <ωω.
Proof. We will show that the hypothesis of Proposition 5 holds. This follows from Proposition 8, Lemma 6 and Lemma 7. 
2. The full product
In this section we will show how to ensure that P =∏i∈ω X(Fi) is non-CLP-compact. Consider the following condition.
Recall that a family L is linked if K ∩ L 
= ∅ whenever K , L ∈ L.
 For every I ∈ [ω]ω , the family L = {xi: i ∈ I} is not linked for any x ∈∏i∈I Fi .
Theorem 10. Assume that the family {Fi: i ∈ ω} is such that condition holds. Then P =∏i∈ω X(Fi) can be written as the disjoint
union of inﬁnitely many of its non-empty clopen subsets.
Proof. For each n ∈ ω, deﬁne
Un = {x ∈ P : xi = n whenever 0 i  n}.
It is easy to check that each Un is open (actually, clopen), non-empty, and that Ui ∩ U j = ∅ whenever i 
= j. Therefore we
just need to show that V = P \⋃n∈ω Un is open.
So ﬁx x ∈ V and consider I = {i ∈ ω: xi /∈ N}. First assume that I is ﬁnite. If there exist i, j /∈ I , say with i < j, such
that xi 
= x j then {y ∈ P : yi = xi and y j = x j} \⋃n∈ j Un is an open neighborhood of x which is contained in V . So assume
that xi = x j whenever i, j /∈ I . Since x ∈ V , we must have I 
= ∅. So ﬁx i ∈ I and j /∈ I , say with i < j (the other case is
similar). Let Ni = {xi} ∪ Ai be a neighborhood of xi such that x j /∈ Ai . Then {y ∈ P : yi ∈ Ni and y j = x j} \⋃n∈ j Un is an
open neighborhood of x which is contained in V .
Finally, assume that I is inﬁnite. An application of condition yields i, j ∈ I , say with i < j, such that xi ∩ x j = ∅. But
disjoint closed sets in N∗ can be separated by a clopen set, therefore we can ﬁnd disjoint clopen neighborhoods Ni and N j
of xi and x j respectively. Then {y ∈ P : yi ∈ Ni and y j ∈ N j} \⋃n∈ j Un is an open neighborhood of x which is contained
in V . 
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The next theorem guarantees the existence of our example: ﬁnite products will be CLP-compact by Theorem 9, while the
full product will be non-CLP-compact by Theorem 10.
Theorem 11. There exists a family {Fi: i ∈ ω} satisfying the following requirements.
• Each Fi consists of pairwise disjoint subsets of N∗ of ﬁnite size.
• The condition(D, E) holds for every diagonal pair (D, E).
• The condition holds.
Proof. Enumerate as {(Dη, Eη): η ∈ c} all diagonal pairs, where Dη and Eη are both diagonal subsets of Nn(p) for some
p = p(η) ∈ <ωω with domain n(p) = n(η) ∈ ω.
We will construct {Fi: i ∈ ω} by transﬁnite recursion in c steps: in the end we will set Fi =⋃ξ∈c F ξi for every i ∈ ω.
Start with F0i = ∅ for each i. By induction, we will make sure that the following requirements are satisﬁed.
(1) Fηi ⊆ Fμi whenever ημ ∈ c.
(2) |⋃i∈ω
⋃Fηi | < 2c for every η ∈ c.
(3) The condition (Dη, Eη), where (Dη, Eη) is a p-diagonal pair, is satisﬁed at stage ξ = η + 1: that is, the witness Ki is
already in Fη+1p(i) for each i ∈ n(p).
At a limit stage ξ , just let F ξi =
⋃
η∈ξ Fηi for every i ∈ ω.
At a successor stage ξ = η + 1, assume that Fηi is given for each i. Let p = p(η). First, deﬁne W =
⋃
i∈ω
⋃Fηi and
observe that |W | < 2c by (2). Set τi = πi  Dη for every i ∈ n(p). Since each τi is injective, it makes sense to consider the
induced function τ ∗i : D∗η → N∗ . Recall that the explicit deﬁnition is given by
τ ∗i (U) =
{
S ⊆ N: τ−1i [S] ∈ U
}
.
It is easy to check that each τ ∗i is injective. Therefore, since |D∗η| = 2c , it is possible to choose
Uη ∈ D∗η \
((
τ ∗0
)−1[W ] ∪ · · · ∪ (τ ∗n(p)−1
)−1[W ]).
Let Uηi = τ ∗i (Uη) for every i ∈ n(p). Now, deﬁne Z = W ∪ {Uηi : i ∈ n(p)}. Set σi = πi  Eη for every i ∈ n(p). As above, it is
possible to choose
Vη ∈ E∗η \
((
σ ∗0
)−1[Z ] ∪ · · · ∪ (σ ∗n(p)−1
)−1[Z ]).
Let Vηi = σ ∗i (Vη) for every i ∈ n(p). We conclude the successor stage by setting
Fη+1k = Fηk ∪
{{Uηi : i ∈ p−1(k)
}∪ {Vηi : i ∈ p−1(k)
}}
for every k ∈ ran(p) and Fη+1k = Fηk for every k ∈ ω \ ran(p).
Next, we will verify that condition holds. Assume, in order to get a contradiction, that I ∈ [ω]ω and x ∈∏i∈I Fi are
such that L = {xi: i ∈ I} is linked. Observe that the only possible equalities among points of N∗ produced in our construction
are those in the form Uηi = Uηj or Vηi = Vηj for some i, j ∈ n(η). Therefore each element of L must have been added to
some Fk at the same stage ξ = η + 1. Since I is inﬁnite, we can pick k ∈ I \ ran(p(η)). It is clear from the construction that
xk ∈ L cannot have been added to Fk at stage ξ = η + 1.
Finally, we will verify that (3) holds. For every i ∈ n(p), set
Ki =
{Uηj : j ∈ p−1
(
p(i)
)}∪ {Vηj : j ∈ p−1
(
p(i)
)} ∈ Fη+1p(i) .
Suppose A0, . . . , An(p)−1 ⊆ N are such that Ki ⊆ A∗i for every i ∈ n(p). In particular Ai ∈ Uηi for every i ∈ n(p). By the
deﬁnition of the induced functions, we have τ−1i [Ai] ∈ Uη for every i ∈ n(p). Therefore
Dη ∩ (A0 × · · · × An(p)−1) = Dη ∩ τ−10 [A0] ∩ · · · ∩ τ−1n(p)−1[An(p)−1]
is non-empty. By the same argument, using Vη , one can show that Eη ∩ (A0 × · · · × An(p)−1) is non-empty. 
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The main idea behind the next theorem is due to Frolík (see the ‘Proof of B (using B′)’ in [5]). To show that Xω can
be written as the disjoint union of inﬁnitely many of its non-empty clopen subsets, we will proceed as in the proof of
Theorem 9.10 in [2].
Theorem 12. There exists a Hausdorff space X such that Xn is CLP-compact for every n ∈ ω, while Xω can be written as the disjoint
union of inﬁnitely many of its non-empty clopen subsets.
Proof. Let {Fi: i ∈ ω} be the family given by Theorem 11 and set Xi = X(Fi) for every i ∈ ω. It follows from Theorem 9
and Theorem 10 that {Xi: i ∈ ω} is a collection of Hausdorff spaces such that Xp =∏i∈n(p) Xp(i) is CLP-compact for every
p ∈ <ωω, while ∏i∈ω Xi can be written as the disjoint union of inﬁnitely many of its non-empty clopen subsets.
Deﬁne X as the topological space with underlying set the disjoint union {0} ⊕ X0 ⊕ X1 ⊕ · · · and with the coarsest
topology satisfying the following requirements.
• Whenever U is an open subset of Xi for some i ∈ ω, the set U is also open in X .
• The tail {0} ∪⋃i j<ω X j is open in X for every i ∈ ω.
It is easy to check that X is Hausdorff.
We will prove that Xn is CLP-compact by induction on n. The case n = 1 is obvious. So assume that Xn is CLP-compact
and consider a cover C of Xn+1 consisting of clopen sets. Since
S =
⋃
i∈n+1
{
x ∈ Xn+1: xi = 0
}
is a ﬁnite union of subspaces of Xn+1 that are homeomorphic to Xn , there exists D ∈ [C]<ω such that S ⊆⋃D. It follows
that there exists N ∈ ω such that Xn+1 \ (X0 ⊕ · · · ⊕ XN−1)n+1 ⊆⋃D. But
T = (X0 ⊕ · · · ⊕ XN−1)n+1
is homeomorphic to a ﬁnite union of spaces of the form Xp for some p ∈ n+1ω, hence it is CLP-compact. Therefore there
exists E ∈ [C]<ω such that T ⊆⋃E . Hence D ∪ E is the desired ﬁnite subcover of C .
Finally, we will show that Xω can be written as the disjoint union of inﬁnitely many of its non-empty clopen subsets by
constructing a continuous surjection f : Xω →∏i∈ω Xi . Since every Xi is clopen in X , we can get a continuous surjection
f i : X → Xi by letting f i be the identity on Xi and constant on X \ Xi . Now simply let f =∏i∈ω f i (that is, for every x ∈ Xω ,
deﬁne y = f (x) by setting yi = f i(xi) for every i ∈ ω). 
Corollary 13. For every inﬁnite cardinal κ , there exists a collection {Xξ : ξ ∈ κ} of Hausdorff spaces such that∏ξ∈F Xξ is CLP-compact
for every F ∈ [κ]<ω , while∏ξ∈κ Xξ is non-CLP-compact.
Proof. Let Xξ = X for every ξ ∈ κ , where X is the space given by Theorem 12. 
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